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Abstract 

We obtain the collection of symmetric and symplectic matrix integrals and the collec- 
| tion of PfafHan tau- functions, recently described by Peng and Adler and van Moerbeke, 

as specific elements in the Spin-group orbit of the vacuum vector of a fermionic Fock 
space. This fermionic Fock space is the same space as one constructs to obtain the 
. KP and 1-Toda lattice hierarchy. 



o 
o 



In memory of F D Veldkamp 



(N 

oo ■ 1 Introduction 



Recently H Peng [11] showed that the symmetric matrix model and the statistics of the 



spectrum of symmetric matrix ensembles is governed by a strange reduction of the 2- 
Q\ ' Toda lattice hierarchy [12|. Adler and van Moerbeke [Q, || (see also j|) show that this 

reduction leads to vectors of Pfaffian tau-functions. However these Pfaffian tau-functions 
do not satisfy the Toda lattice hierarchy, but rather another system of PDE's, which 
can be identified as the BKP hierarchy in the form described by V Kac and the author 
in To be more explicit, let S m (E) be the set of m x m symmetric matrices with 
spectrum in E C M (a union of intervals), dZ the Haar measure on symmetric matrices 

C/5 . oo 

and V(t,z) = V{z) + Yl ti z% ■> where V(Z) is a potential. Applying the spectral theorem 
i=i 

to the symmetric matrix Z = O^diag z m -i) O, with O G SO(m), we find upon 

integrating over the special orthogonal group the following formula for the symmetric 
matrix integral (see also Q). 

&) = / e TrV ^dZ = c m / \A m (z)\ TT (e v ^ Uz^dz,), (1.1) 



i=0 



where A m (z) = Yl i z j ~ z i) * s the Vandermonde determinant. Adler and van 

0<j<<j<m-l 

Moerbeke [||, |5| show (see also Section 2) that these integrals for m = 2n can be expressed 
in certain Pfaffians: 



rg = (2n)!c 2n Pf ((/i M (t)) <w< 2n _i) . (1.2) 
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Here Pf(-A) stands for the Pfaffian of a skew-symmetric matrix A = (Aij)o<i j<2n— 1 defined 
by 

.. n— 1 

pf(A)= 2^ s ^n^^+i)- 

(if n = we assume Pf(^4) = 1) and = (y l ,z :i )t are the moments of the time- 

dependent skew-symmetric inner product 

(/, 9)t = J J f(y)g(z)e v(t ^ +v ^sg(z - y)dydz. (1.3) 

The formula for will be obtained Section 2. If m is odd, it is also a Pfaffian, but the 
expression is more complicated. 

In this paper we will show, using the Clifford algebra techniques of |J, that replacing 

W r m = the generating series, 

oo 

r E (^)=X>^)<A 

m=0 

of these Pfaffians is a specific element in the Spin group orbit of the vacuum vector in a 
fermionic Fock space. The fermionic Fock space which is constructed is more or less the 
same as the one one uses to obtain the KP hierarchy and 1-dim Toda lattice hierarchy. 
However, these tau- functions do not satisfy the KP or Toda lattice hierarchy, but we will 
show in section 4 that they satisfy the (charged) BKP hierarchy of || (see also Section 3): 

Res ^ n - 1 e«''' z )e-"(''^r n _ 1 (t / )^~ m " 1 e^ ( *"'" ) e , '( t " 2 )r m+1 (t // ) 

+ (z)- n - 1 e-«( t '' 2 )e J '(*'^r n+ i(t')(2) m ~ 1 e^*"' 2 )e-''( t "' 2 )r m _ 1 (f' )) (1.4) 

= \ (1 -(-ir+ m ) T n (t')r m (t"), 



for all n, m £ Z, where Res ^ f%z % = /_i and 

>o 

k dtk 



Z(t,z) = ^t k z k and r,{t,z) = - — z~ k . (1.5) 

k=l k=l 



Note that for all n, m E 2Z these are exactly the equations for the Pfaffian tau-functions 
obtained by Adler and van Moerbeke in j| . The hierarchy of equations for all n, m G 2Z 
is called the DKP hierarchy in ||]. 

In fact using the KP boson-fermion correspondence one shows that 



r E (t, q) = exp Q J I ^ X(t, y, z)e v ^+ v ^sg(z - y)dydz^j 
1 + J X(t,w)e v{w) dv?j ■ 1, 
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where X(t, z) and X(t,y,z) are the vertex operators 
a— 

X(t, z) = qz q 8i exp(£(i, z)) exp(-r/(i, z)), 

X(t,y,z)=X(t,z)X(t,y) (1.6) 
= 9 - y)(yz) 9q exp(£(i, z) + £(i, y)) exp(-r?(t, z) - 77 (t, y)). 

The symplectic matrix integrals, which can be treated in a similar way, are described 
in Section 8. 

2 Symmetric matrix integrals 



Let from now on m = 2n if m is even and m = 2n + 1 if m is odd and recall formula (1.1): 

TO— 1 



f^(i) = c m / |A m (z)| TT (e v ^)l E (^ 
m f=o V 



Denote by sg the sign-function and by S m the permutation group of m letters. Using the 
identity 

n-1 

E sg((7) J] sg(<r(2j + 1) - (r(2i)) = 2 n n!, 
<res ro j=0 



we find 



/m— 1 
A m (z) J] (e v ^J B (^)(tei) 
-oo<2o<zi<...<z m _i<oo i=Q 

n-l 



^E s g(-)n s g(^ i (2i+D--- i (2i)) 



-OO<Z0<2l<...<2 m -l<OO i= Q 

T E / 



2 n n. 

aeS. 



AmU) 



-00<20<Zl<---<2 m -l<00 

n— 1 m— 1 

j=0 i=0 

w E / a.w 

ff€S m • / -° 0<2 <T(0)<2<7(l)<---<2<T(m-l)<00 

n— 1 m— 1 

x H sg(z 2j+1 - z 2j ) 11 (e v ^I E ( Zi )d Zl 

j=0 i=0 

n—1 to— 1 



(2.1) 



(m)!c 
2 n n! 



P / A m (z) TT ag(^+i - z 2j ) TT (e^'^^cfc 



j=0 i=0 
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If m = 2n is even we continue as follows: 

n-l 



£ ««m A(^^rv«^~ 

X I E (z 2j )I E (z 2j+ i)sg(z 2j+ i ~ Z 2 j)dZ2jdz 2 j + l) (2.2) 



(2n)!c2 n_1 
o-es 2 „ 3=0 



This is formula (1.2) of the introduction, with the moments defined by (1.3). 

If m = 2n + l is odd, we use the following lemma, which can be found in Adler, Horozov 
and van Moerbeke [||, to continue the calculation. 

Lemma 2.1. Let A = (ajj)o<i,i<2^+i 6e a skew symmetric matrix, then 

k=0 

Now, 



-e /»\ (2n + l)!c 2w +i / n / TT / \ 

w*) = — ^ — E »*(*) y 11 sg^+i - z 2j ) 

2n 
i=0 

" + 1)!C2n+1 - £ £ / zte v ^n) lE{22n)dz2% 



2"n! 

fc=0 o-G52n+i ,cr(2n)=A; 



n-l 2n-l (2-3) 

x []sg(z 2j+1 -z 2i ) J] *f (<) (e v ^I E ( Zi )dz^ 
j=0 i=0 
2)i 



(2n + l)!c 2n+ i 



£(-)* £ / z k 2n e v ^I E (z 2n )dz 2r , 



2 n n\ 

n-l 2n-l 



Usg(z 2j+1 -z 2j ) n zf + ^ (e v ^I E ( Zi )dz, 



X 

j=0 i=0 

(k) 

where p G S^n , the set of permutations of the numbers 1,2,... , k — 1, + 1, . . . , 2n, is 
such that cj(j) = p(j + €k(j)), with €fc(j) = if j < k and = 1 if j > k. To give an idea 

,01234 

of what we are doing, we give an example. If n = 2, k = 1 and <r 



4 3 2 1 



thenp=( 4 3 q 2 ) and sg (°") = ~ s ^(p)- Hence, 
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~E m _ (2n + l)!c 2n +i 

T 2n+l W - 

n-1 

n 

3=0 



2n . 

E(-)" / 4. (^'^(^n) cfeh) £ sg(p) 

^(2j+e fc (2j)) p(2j+l+e fc (2j+l)) V(t,z 2j )+V(t,z 2j+1 ) 
<2j z 2j+l 



lE(z2j)lE(z 2 j + l)sg(z 2 j + l ~ Z 2 j)dZ2jdz 2 j+l 



2n . 

(2n + l)!c 2n+1 ^(-) fc / z k 2n (e v ^I E {z 2n )dz 2n ) 
fc=0 Jr 

X Pf((^jj(t))o<ij<2n,jjyfc) 



2n 



(2n + l)!c 2n +l E(-) fc ^fc(t)Pf((/Uij(t)) <j,j<2n,ijVfc) 



k=0 



(2n + l)!c 2n+1 Pf(M 2n+1 (t)), 



where 



M 2 „+i(t) 







{^ij\t))o<i,j<2n 






V2n(t) 








(2.4) 



(2.5) 



and //j(t) = (1, z*)t are the moments of the time-dependent symmetric inner product 

(f,9)t= [ f(z)g(z)e v ^dz. (2.6) 



The symplectic matrix integrals, which can be treated in a similar way, are described in 
Section 8. 



3 The geometry of spinors and the BKP hierarchy 

In this section we recall the results of Q . 

Consider the vector space V = V + © V° © V~, where V ± = Cijjf and V° = C^o 

with symmetric bilinear form 

^o,^o) = l, (Vo,^) = 0, (^±V0=O, ^,^f) = S i ,- j . (3-1) 

Let C£ V be the associated Clifford algebra, that is the quotient of the tensor algebra 
over V by the ideal generated by relations 



uv + vu = (u, v)l, where u,v£V. 



(3.2) 



These relations induce a natural Z/2Z decompostion CI V = CI Vq © CI V-. Denote by 
{CI V) x the multiplicative group of invertible elements of the algebra CI V, by Pin V 
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the subgroup of {CI V) x generated by all the elements a such that aVa~ l = V and let 
Spin V = Pin V n C£qV. A simple but for this paper important observation is that for 
A = +, — , both 1 + Ci^QiPi £ Spin V and 



-N<i<M 



exp c ij^i^j G s Pi n V. (3.3) 

\-N<i<j<M J 

We have a homomorphism T : Pin V — ► 0(V),g i— ► T g defined by (u 6 V): 

r» = ^- 1 g v. 

Denote by U = E (C#f + C^J") + C(l + v^V'o) the subspace of CI + V and let 

i>o 

F := F(V, U) = Ct V/(C£ V)U. 

The space F(V, U) caries a structure of a Ct V-module induced by left multiplication. 
This module restricted to Pin V is called the spin module of the group Pin V . This 
module remains irreducible when restricted to Spin V. Denote the image of 1 in F(V, U) 
by |0), then 

iPf\0) = if j > and Vo|0> = "^l )- 

By introducing the notion of charge as follows: 

charge |0) = charge ipo = 0, charge ^ = ±1, 
the space F decomposes into charge sectors 



fcez 

Given / G F, let 

Ann / = {v £ V \ vf = 0}, 

then the vacuum vector |0) G F is characterized (up to a constant factor) among the 
vectors of F by the property that 

Ann |0> = U := ^(C^t + C^~). 
i>o 

Moreover, let g G Pin V, then 

Ann g|0) = T 9 (Ann |0)) = T g (U ). 

All maximal isotropic subspaces of V characterize the Spin V -group orbit. Let O = 
Spin V ■ |0) be the Spin V-orbit of |0), one of the main observations of the paper Q is the 
following: 
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Proposition 3.1. If r G F and then r G O if and only if r satisfies the equation 

ll>0T <S> ^0^ + ^ (ipj'T (8) l/T^T + Vj 7t ® ^j' T ) = ^ T ® T. (3.4) 

This equation is called the fermionic BKP hierarchy. We will now rewrite these equa- 
tions to a hierarchy of differential equations. For this we use the classical boson-fermion 
correspondence flp[| . Consider the following generating series, called charged fermionic 
fields: 

i, ± (z)= £ ^=*-M. (3-5) 
Then we have: 

ij x {yW{z)+^{z)^{y) = 5 x ^5(y-z), A,/x = ±, (3.6) 

where 

n&L 

We split up field <p{z) = ^ in its positive and negative part: 

i 

0(*) = 0(z) + + 0(z)_, 

where 

^+ = ^ and ^(*)~ = ~ ( t ) ( z )+, 

i>0 

Define the bosonic fields (y G C) 

a(z) =^2a k z- k - 1 =: ^+(^"(2) :, 

fcGZ 

V{z) = Y, L k^ k - 2 = \ ■■ «(*)«(*) ■■ + (\-A &(<*(*)), (3.7) 

y ± (x ! ) = J2 Y k ±z ~ k ~ 2 = d z {^(z))^(z), 
fcez 

where the normally ordered product of two fields is defined, as usual, by 



4>{y)p{z) := 4>{y) + p{z) - p{z)<j){y)_ 
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Then one has (using Wick's formula) (A = ±): 

[a k ,^ x (z),] = Xz k ij\z), 
[a k ,Y x (z),] = 2\z k Y x (z), 

[L%, ^(z)] = (z k ^d z +(\(u-^ + ~) (fc + l)z fc ) ^ X (z), 



[Ll,Y\z)\ = z k+1 d z + 2A [u - - + 2 (A: + F A (z 



[2£,a(*)] = (> +1 c> 2 + (fc + l)z fc ) a(z) + (v - (fc + l)***" 1 , 
[a fc ,a(z)] = fez* -1 , 

[Z& L?] = (fc - t)Ll +l + S^J^-c, 

where c v = — I2v 2 + 12^ — 2 and ipo commutes with all these bosonic operators. 
Thus, the a&, L v k form the oscillator algebra, respectively Virasoro algebra and 

a k \0) =0 for k > 0, 

L£|0) =0 for k > -1, (3.9) 
F±|0) =0 for A; > 0. 

The operator ao is diagonalizable in F, with eigenspaces the charge sectors F k , i.e. 
®ofk = kfk for /fe G -Ffc. For that reason we call ao the charge operator. 

In order to express the fermionic fields tp x (z) in terms of the oscillator algebra, we need 
an additional operator Q on F defined by 

Q|o> = vMo>, QV^ = V^ Tl Q, Wo = -^oQ- 

2 T 

Proposition 3.2. (§, @, §) 

^{z) = Q*z** exp [ T £ exp f T £ ^zA , 

V fc<0 / V fe>0 / 

= Q ±2 . ±2 - exp ( T 2 £ ^,- fc ) exp ( T 2 £ . 

V k<Q / V fc>0 / 

We now identify F with the space B = C[q, q~ 1 ,t\,t2, • • • ] via the vector space homor- 
phism 

cr : F^B 

given by 

a [a- mi . . . a- ms Q k \0) ) = mim 2 . ..m s t mi t m2 . ..t ms q k . 
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The transported charge is as follows 
charge [p(t)q k 



and the transported charge decomposition is 

B=($B m , where B m = C[h,t 2 . . .}q m . 
mez 

The transported operators ipQ, a m and Q on B are as follows: 
1 a 

aipoa' 1 = -—^=(-) q ~^, W- m = aa-ma' 1 = mt m , 

w -i d vtr -i 8 ( 3 - 10 ) 

W m = aa m a = — — , Wo = golqo = q—, v 1 

c*im oq 

aQa~ l = g. 
Hence 

a^ ± (z)a- 1 = q&z^eXMe***'*), 
aY ± (z)a- 1 = g^^e^Me^M, 

where 2) and z) are defined in ( |1.5| ). It is now straightforward to prove the following 
Lemma 3.1. For y > z one has 

aip x (y^(z)a- 1 = (y - z) A ^ 1 g A+ V^^^e A?( '' ?/)+ ^ {t ' 2) e- A ^ ) - w( *' 2) , 
aY x (y)Y' x (z)a~ 1 = (y - 2) A ^g A2+ ^ 2 y A29 ^^^e^ ( *' v)+ ^ e( * ,z) e~ A2 ' 7( * ,J ' ) ~' t2 '' ( * ,;l) . 



Using the commutation relations ( |3.6p one immediately obtains the following conse- 
quence of this lemma: 

Corollary 3.1. For Zq, z\, . . . , z m 6 M distinct we have 
a%l) + (Zm)^ (z m -i) ■ ■ ■ (zi)ip + (zq)^ 1 

m m 

C jy+(z m )Y+(z m _ 1 ) • • • y+(z 1 )y+(z )a- 1 

m m 

™ 2 9 #- E m*i) - E au(t,*j) 
= g 2m+2 A^ +1 (z)n^ d9 e-° 

i=0 

We will now use the boson-fermion correspondence to rewrite the BKP hierarchy. No- 
tice first that (p.4|) is equivalent to 



Res {^ + {z)t ® i/)~(z)t + 4>~{z)t <g> = tt ( r ® r - Vot ® ^or) , (3.11) 
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where Res Yl fi z% = f-i- Now apply a to ( |3.1l[) . Writing cr(r) = T n (t)q n , we obtain 

neZ 



for all n, m G Z equation ( |l,4|) as the coefficient of q n ® q m . 

The Spin group elements which we consider in the rest of the paper do not fit in the 
algebraic framework of this section. However, we will need them to describe the symmetric 
and symplectic matrix integrals as (generalized) tau- functions. Since all manipulations 
with vertex operators, used there, are well defined and correct, it is clear what we mean 
and we are doing. 



4 Pfaffian tau- functions 

Let F(z) (resp. F(y,z)) be a (skew-symmetric) weight function on R (M 2 ) and let 

(f,g)= / f(z)g(z)F(z)dz, respectively 

7, (4-1) 
(f,g) = // f(y)g(z)F(y,z)dydz 



be the corresponding symmetric (skew-symmetric) inner product. Consider the following 
deformation of these inner products, which we assume to be the time-dependent t = 



(f,9)t= / f(z)g(z)e^F(z)dz, 

jR (4.2) 
(f,9)t =11 f(y)g(z)e^ + ^F(y, z)dydz, 



with £(t, z) = tiZ 1 as before. Notice that the inner products appearing in Section 1 

i 

and 2 are special cases of (4.2). Let 



IH(t) = (1, z% and m = ^(0) = (1, z% 

fj,ij(t) = {y l , z j ) t = -fJ>ji(t) and /iy = /%(0) = {y\ z j ) = 

be the moments. Consider the following generalized Spin group element (see Section 3): 
G» = exp(^) • f 1 = exp j £ ^^^f I ( 1 + V2 £ v_ k _^t ) 

\-oo<j<i<0 J V fc<0 / 
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We calculate its action on the vacuum vector |0), let 



\-oo<j<i<0 J V fc<0 / 

ex p [\ E (i+E^-i^) i°) 

\ i,j<0 j V fc<0 / 

n=0 ' \ij<0 / \ fc<0 / 

E^r f E // ^H+H,^ 

n=0 ' \ij<0 J J K 

x (1+ / |0) 

V ■' R fc<0 / 

^^ (JJ^ + (z)4> + (y)F(y,z)dydz^ (l + (w)F(w)dw^ |0> 

oo ^ / . n— 1 

E ^Tl / ^ + (22n-l)^ + (^2n-2) " • • 1p + (zq) TT ^(^2j, Z2j +1 )dZ 2 jdZ2j+l 
n=0 ^ n! V K2 " j=0 

X ( 1+ / V + (^)^(22n)d82n J |0> 



/ / 'rrr 



m=0 



Using the boson- fermion correspondence and corollary 3.1 we rewrite this as follows, let 
T F (t,q) = a (t f ), then 



n=0 y"" j=0 

A 2n+1 (z)e^'' 22 ")F(z 2n )dz 2r , 



(4.4) 

71-1 \ 



x Yl e^ z ^+^ z ^F(z 2j ,z 2j+1 )dz 2j dz 2j+1 \q 

j=0 ) 

oo 



2n+l 



E ^ (*)<r- 



m=0 
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Then t[ (t) = 1, 



>2n\ 



z 2n-l 



n—1 

x Yl e^ z ^ + ^ z ^F{z 2v z 2j+1 )dz 2j dz 2j+1 
j=0 

I n—1 

2^? e s s( ct ) n ^(2j), CT (2i+i)(o 

' o-es 2n j=o 

Pf((Mfc,i(*))o<fc^<2n-l) 



(4.5) 



and 



^ « ! JlR2n + l 



n—1 



2« 



(4.6) 



A similar calculation as in ( |2.3| ) and ( |2,4| ) now shows that T 2n+l {t) = Pf(M 2n+ i(t)), where 
M 2n+ \(t) is given by (|2.5| ). Hence we have shown: 



3=0 i=0 



Theorem 4.1. Lei Hi{t), Hij(t) be the moments of the symmetric, respectively skew- 
symmetric innerproduct (•, -) t ) and (■, -) t , defined by j^-ty . Let M 2n (t) = (/%• (i))o<ij<2n-l 
and 



M 2n+1 {t) 





Vo(t) 


{p>i3\t))o<i,3<2n 






M2n(*) 


-fM)(t) -fJ-2n(t) 






then 



a exp 



E M- 4 -i | _ i -j(0)^) (l + V2^^-i(0)Vo^ + ) |0> 

-oo<j'<i<0 / V fc<0 / 



= exp Q J I X(t, y, z)F{y, z)dydz^j (l + X(t, w)F(w)dv?j ■ 1 

oo 

= £ Pf(M TO )(t)g™ 

m=0 

where X(t,y,z) and X(t,w) are given by 

Since t f is an element in the spin group orbit of the vacuum vector, one has the 
following consequence: 
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Corollary 4.1. The Pfaffian tau-functions T^(t) = Pf(M m (t)) , m G Z, satisfy the BKP 
hierarchy (\1-4J - 

Since and exp(g^) commute, we find that 

k<0 

Hence, 

<+i(t) = [ w 2n e^e-^r 2 F n (t)F( W )dw 
and T2 n+1 (t) is completely determined by T^(t) 



5 Virasoro constraints 

In this section we give a representation theoretical proof of the Virasoro constraints for 
the symmetric matrix integrals obtained by Adler and van Moerbeke in Q . Our proof is 
along the lines of @. 

As before, consider the matrix integral over symmetric matrices 



Tr V(Z)+J2UZ % 

T*(t) = mlcmT^it) = I e V i JdZ, 



'Sm(E) 

integrated over the space S m {E) of symmetric matrices with spectrum in E C R, where 

r 

E = disjoint union [c2i~\, on] (5-1) 
i=i 

and we assume that the potential V satisfies 



oo 



, . EM* 

V'(z) = ^ = ^— , (5.2) 



(5.3) 



f{z) 

o 

with e v ^ decaying to fast enough at the boundary of its support. Let 

F(z) = e v ^I E (z), 

F(y, z) = e V ^ +V ^sg(z - y))I E (y)I E (z), 
be the corresponding weight functions. Comparing (2.1), ( |4.3| ) and ( [4.4| ) we find that 

= t!?^ ((// ff ^ + w + (i/)%^) n io) 

C+iW = ^r 1 ^ ((// / + (^y)^(^)^V (5-4) 



x / i) + (w)F(w)dw |0) 
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Consider the Virasoro algebra (see (|T7|) ) L k := Li, k G Z, with central charge —2. 
From the commutation relations (|3.8|) we deduce 



[L fc ,V> + (z)]=^(z fc +V(^)). 



(5.5) 



Hence, 



y^aeL k+i , ip + (z)ip + (y)F(y,z)dydz 

7=1> JJ K2 

[L k+£ ,ip + (z)7p + (y)F(y,z)dydz] 

c—n J J R 2 



£=0 
OO 

oo 
1=0 



F(y,z) (d y y k+l + l + d z z k+l+1 ) \z)^ {y))dydz 



(5.6) 



d y y k+£+1 + d z z k+i+1 ) ^ + {z)^ + {y)e v{v)+v{z) sg{z - y)dydz 



£=o 

oo 



E 2 



+ Yj ae {y k+i+1 V'{y) + z k+e+1 V'{z)j ij; + (z)^ + (y)e v ^ +v ^sg(y - z)dydz 



t=0 



+ 2 Y,^lj E2 (z k+e+1 6(z -V)- V k+e+1 5(z - y)) iP + {z)i> + {y)e v ^ +v ^dydz, 



where we have used d z sg(z — y)= 25(z — y). The last term on the right-hand side of ( |5.6| 
is equal to 0, the first to 



oo 2r / r r 

^2a e ^2c k+e+1 d c% ( / / i; + (zW + (y)F(y,z)dydz 
e=o i=i \J J m. 2 / 

and the second to 

oo ~ ~ 

- E 6 ^ I J 2 {y k+t+1 + zk+e+1 ) ^ + {z)^ + (y)e V{y)+V{z) sg{z - y)dydz 

oo „ „ 

[a k+i+1 ,ii + (z)if) + (y)} F(y,z)dydz 

TTn J J R 2 



i=o 



1=0 

oo 

1=0 



a k+i+1 , ip + {z)ip + {y)F(y,z)dydz 



From which we conclude that 



yZ \ ai yZ c i +e+1 ^c l - a £ L k+ i - bea k+ e + i , / / 
I=t \ £i J JJ 1 



ip + (z)ip + (y)F{y,z)dydz 



0. 
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An analogous calculation also shows that 



' oo / 2r \ 
E I at E c\ +i+l d Ci - a e L k+ i - b e a k+i+ i J , / ip + {w)F{w)dw 
i=o V i=l / 



0. 



Using the action of the Virasoro and oscillator algebra on the vacuum vector ( |3.9| ), one 
has that for all k > —1 and m > 0: 



oo / 2r 



EKE <£ +m ^ - - ( r -) = °- 



(5.7) 



£=0 \ i=l 



Now recall from ( 3.10 ) that W k = —kt_ k , = f/J^j 
respectively. Define 



^ for fe < 0, fc = 0, k > 0, 



here [y] = Entier (^r), and let as in Section 1 



r B (t,g) = E 



m=0 



m!c m 



then using the boson-fermion correspondence we have the following result of Adler and 
van Moerbeke Q: 

Proposition 5.1. For all k > — 1 and all m > 0, 



oo / 2r 



E K E c " + ' +1 ^ - - b e W k+e+1 (ri(t)q m ) = 0, 
1=0 \ j=l / 

oo / 2r \ 

E K E c " +m ^ - - V*W (r £ (t, *)) = 0. 

1=0 \ i=l / 



6 Fay identity of the BKP hierarchy 

In this section we will prove the generalized Fay identity. We will use this identity to prove 
a recursion relation between certain pfaffian wave functions, which we will define in the 
next section. 
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p g 

Proposition 6.1. (Fay identity) Let t — t'= ^ [z^] — ^ [yi]> where [z] = (f , f , f , • • • )? 

k=l 1=1 

then 



_ (1 - (-1)-+-) r n (t)r m (t') 

q 

p n Zk-w 

= E ^r^^n-iCt - [z k ])r m+1 (t' + 

k=i Yl Z k ~ Zj 



r=0 



^n— m— p+</ 



n—m+q—p 



-l,r / 9 



dz 



n z - V' 

T n -l(t ~ [z\)T m+ l(t' + [z]) l ~ 



\ 



P 

n * - z j . 

i=i / 



2 = 



£=1 



Tn+i(i + [^])r m _i(t' - — 

n % - 3/i 



V - "' ^m— n+p— q— l,r ( 9 



r=0 



T„+i(t + [z])r m _i(t' - [z])^ 

n « - m , 



z=0 



Proof. Notice that equation (|1.4f) is equal to 



_ (l _ (_!)«+») Tn (t) Tm (t') 

= ^ (^- m r„_!(t - [*])r m+1 (i' + W)^*.*- 1 )^.'- 1 ) 
+ z m -™r n+1 (t+[z])r m _ 1 (t'[z])e^'^ 1 )-^" 1 ))dz, 



(6.1) 



where the integration is taken along a contour around z = and all z = y k and z = z^. 

p <? 

Since t — t' = [z k ] — Yl [vili we ^ n< i that 
fe=l £=1 



fl 2 - yi 



n 2 - zj 

3=1 



304 



J van de Leur 



Hence the right-hand side of (|6.l| ) is equal to 
/ 

1 



2m 



2 = 



z 



m—n+p—q 



T n -l(t ~ [z])T m+ l(t + [z]) 



i=l 



v 



+ z 



n—m+q—p 



T n +l{t + [z])T m -i{t' - [z]) 



\\Z-Zj 

3=1 
V \ 

n z - zj 

3=1 



tlz-Vi 

i=l 



dz. 



Now using the fact that the integrand has poles only at z = and all z = and z = 2^, 
we obtain the desired result. I 

As a particular case of Proposition 6J we take n = N + 1, m = N — 2, p = 1, z\ = u _1 , 
q = 0, t' = t — [u _1 ] and observe that 



0r(t±M) 



2 = 



dr(t±[z]) 



0z 

We thus obtain 
Corollary 6.1. 

T N -l(t)T N (t - [u- 1 ]) = TNtyTN-t (t - [u- 1 ]) 
07*_l(t- [ U - 1 ]) 



+ U~ L T N (t)- 



dti 



TN-I(t-[U ]) — 



+ u 2 T N+1 (t)r N ^2 (t - [u 

7 Wave functions and skew orthogonal polynomials 

Introduce the following BKP wave functions: 



* n (t,z) = z n P n (t,z)e< 



C(t,2) ._ y n 



(7.1) 



These are different wave functions than the one described in Q and Q. Let h n {t) 



Tn(t)T n+2 (t) ' 



using Corollary 6.1, one easily deduces the following recursion relation: 



Oil 



(7.2) 



From now on let T n (t) = T^(t) = Pf(M n (t)) as in Section 4. It was shown in Q that 
P 2n (t,z) :=P 2n {t,z) 



( 



(/%(*)) 



0<i,j<2n 



T2n+l(t) 



Pf 



1 \ 

Z 

,2(i 



and 



V -i 



■2n 



o 7 
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P2n+l(t,z) 



h2n(t) 



h 2 n(t) , 3 

77\( Z + 75r) T 2n+l P 2n(i, Z) 

T2n+l{t) Oti 

( 



T~2n+l(t) 



Pf 





1 




(fl>ij{t))o<i,j<2n-l 


Z 


^l,2n+l(i) 




z 2n-l 


^2n-l,2n+l{t) 


1 Z 2n ~ l 





_ z 2n+l 


^0,2n+l{t) ^2n-l,2n+l(t) 


z 2n+l 






/ 

form a set skew orthonormal polynomials {P n (t, z)} n >o with respect to the time-dependent 
skew symmetric innerproduct (•, -}t, defined in (f4.2|), i.e. 

(P2m,P2n)t = (P2m+1 , P2n+l) t = 0, 
{P2m, P2n+l}t = — (-f^n+l j P2m)t = $nm- 

Now using (\T%), one sees that 

P 2n+1 (t,z) - h 2n {t) dl ° gT ^ l(t) P 2n {t,z) = P 2n+1 (t) - P 2n -i(t). 

Let Q 2n (t, z) = P 2n (t, z) and Q2n+i(t, z) = P 2n +i{t) -P 2n -i{t), we thus have the following 
result: 

Proposition 7.1. Let r n (t) = r^(t) = Pf(M n (t)) ; then the polynomials 
Q2n(t,z) := Z 2 



,2n T 2n{t- [z X ] ) 



T2n+l(*) 



T2n+l(t) 



Pf 



(Mii(*))o<i,j<2n 



V -i -* 



v 2n 



1 \ 

y 2n 



, and 



n n A ._ ,2»+l r 2n+l (t- [z x ]) ^ 2n _ 1 r 2n -i (t- [z x ]) 
V2n+lil5^J — ^ 



T 2n +2(t) 



r 2n (t) 



1 



T2n{t)T 2n+2 (t) 



-Pf 



<2n-l 



„2n-l 



\ -iV ,2n(t) 



-N2n-l,2n{t) 



1 iV0,2n(t) \ 

2 iV 1|2n (t) 



-iV 2 n(M) 
iV 2n (t, 2 ) / 
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where 



Qt (t\ 

Nj,2n(t) = Mi,2n(*) WT H Hj,2n+l(t)T 2n +l(t) , for l<j< 2n, 

AT (+ ~\ ~2" d T 2n+l{t) ( + \ 
^2n{t,Z) = Z — YZ T T 2n+ i(t) 

form a set skew orthonormal polynomials with respect to the time- dependent skew-sym- 
metric innerproduct (v)t- Moreover, 

Q2n+l{t, Z) = h 2n (t) (z + ) Q 2 n(*, 



dti 



Q2n(t, z) = h 2n -2e+ij (^z + -^j Q 



2n-2fc+l 



(t,z). 



8 Symplectic matrix integrals 

In this section we will treat the symplectic matrix integrals, i.e., integrals of the form: 



It-, 



2Tr V(Z)+V] t i Z i 

e v i ^dZ, 



ir 2n (E) 

where dZ denotes the Haar measure 

N 



dz = n dz k n ^ dzgwffdzw, 

i k<e 



on the space 72n(E) of self-dual N x N Hermitean matrices with quaternionic entries and 
spectrum in E C M; these particular matrices can be realized as the space of 2N x 2N 



matrices with entries zf? £ C 



7 (o) 7 (i) > 



72AT = <^Z = {ZM)l<k,t<N\Zkt = I _(!) _( ) J wrtn ^lk = Z k £ 
It is shown in [Hi that 



p » . /" 2Tr V(Z)+EW 



= n!Pf((//ij(t))o<j,j<2n-l), 

where the Hij{t) are the moments of the skew-symmetric innerproduct 



U) 
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and F(z) = e 2V ^ I e{z) ■ We will now show that the generating series 

oo 

r E (t,q) = Y,r 2 E n (t)q 2n , with rg(t) = n!r*(t) 

n=0 

of these Pfamans is again an element in the Spin group orbit of the vacuum vector. 

Let F(z) be a weight function on R and introduce the following symmetric, respectively 
skew-symmetric inner product: 

(f,g) = J f(z)g(z)F(z)dz, respectively 

</.,>- j[(^)-^/w)^ 

with moments //j = (z l ,l) respectively = (z l ,zi). Notice that (•,-)*, given by ( |S.1[ ), is 
a time-dependent t = (t±, t 2 , ■ ■ ■ ) deformation of (•, •). In a similar way is 

(f,9)t= [ f(z)g(z)e 2 ^F(z)dz, (8.3) 



a the time-dependent deformation of (•,•)• 

To describe this symplectic case, we consider the generalized Spin group element 



H» = exp(^) = exp [ £ M _ ._ 1 _ t _ 1 ^ + 

<i<i<o 



= exp I (i - j)n-i-j-2il>}il>t I = exp j (~J ; ~ 3) A*-i-i-2Vf ^. 
\j<i<0 / \i,i<o v ' 

and calculate its action on the vacuum vector: 
r F = exp £ 1 . _iVM + ) 1°) 



2 > 2 

1 J<i<0 



|^(X r+(2)F H" |o) 

00 „ n— 1 

^ nlJ ^ i=0 



(8.4) 



E 

n=0 



T 2n- 
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Use again the boson- fermion correspondence and corollary |3.l| . Let T F (t, q) = a(r F ), then 



oo ^ „ n— 1 oo 

t^O U[ Jk " i=o n=^ 



5.5) 



Let as in Section 5 -E 1 satisfy (5.1) and assume that F(z) = e 2V ^ lB ^ z \ where V(z) satis- 
fies 0. Let = L°(» (c.f. Q ) be the Virasoro field. Although this field has 
central charge —2, note that it is another Virasoro field than the one one considers in the 
symmetric case. In a similar way as Section 5 one shows that 



oo / 2r \ r 

E a e^2 c i +i+ld c> ~ a e L k+e ~ bwk+e+i , / Y + (w)F(w)dw 
e=o \ i=i / ^ K 



0. 



Which leeds to the following result. 

Theorem 8.1. Let Hij(t) be the moments of the skew- symmetric inner product (see ( \8. \ ) ) 
(v)t with weight function F(z) = e 2V ^lE(z) and let 

z~ l d 



Y(t, z) = q 2 z 2 ^ exp ( 2 £ id ] exp ( -2 £ — ^- 



i=l 



i=l 



then 



n=0 ' y \j<i<0 



^ 4rl ..(o)^ + I |0) 



Y(t,z)F(z)dz ■ 1. 



exp 



AZZ T2 n (t) satisfy the DKP hierarchy, i.e., the BKP hierarchy but only for the even tau- 
functions. Moreover, let 



W k ] = ^r*i fc^ 2 + E Wfc-iWi " ^17^^, 



i/ien for all k > — 1 and a// n > 0, 

oo / 2r 



E hE c * +m ^ *<wwj (^n(*)? 2n ) = o. 



e=o \ i=i 



9 Consequences of the Virasoro constraints 

In this section we will describe some consequences of the Virasoro constraints. First 
consider the following. Let r = g\0), u G Ann r and let A be an operator, such that 
[A, V]CV and At = 0, then 

= Aut = [A, u}t + uAt = [A, u]t 
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and thus [A,u] £ Ann r. The operators (k > — 1) 

oo / 2r \ 

Ak := ^2 I ai $Z c i :+<?+l9c l ~ a e L k+i ~ h^k+e+i I 

^=o V i=l / 
satisfy this condition for r = in both symmetric and symplectic cases and for t 9 : = 

oo 

S r 2m9 2m = ex P(5 ,M )|0) in the symmetric case. 

m=0 

First, we consider the symmetric case. We calculate Ann t f = T Gfl (Ann |0)) = 
Tgh(Uq). Since for all k > and all £ 

?>ty+) = ^, [<A^ + ] = [^o] = and [g^^-] = £ ^ fc _i we find that 

i<0 2 2 

Annr F = ^C^ + C^, 

fe>0 

with 

i>0 

In simmilar way one obtains 

Ann t s = ^C^+ + C$- 

fe>0 

with 

i>0 

In the symmetric case we have: 

Mtl = ±^t fc , [Wl = "< - £ ± 

Since, 

+k+£ + be^j+k+e+i, 

one has that 

^ *7l = E + fe + £ + I) '" V " ; + fc*J+k+M-l 
+ part which contains only 's with i > 0. 
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Now comparing the coefficient on both sides of ipo, we deduce the following equation for 
all k > -1: 

oo 2r q oo 

^2 a e ^2 c P +i+1 ~d^~ = ^Z^ + k + i + l)a e n j+k+i + bifJ, j+k+ £ +1 . 
e=o p=i p i=o 



The same equation ( |9.l| ) holds with ^ ■ replaced by $^ . Now consider the coefficient of 
for i > on both sides. This leads to: 

oo 1r q oo 

J2 a tYl c p +e+1 -^ = ^a t ({i + k + t+ Vnjj+k+e + (j + k + £ + l)n j+k+iii ) 
e=o p=i p e=o 

+ be (fij : i + k+e+i + ^j+k+£+i,i) ■ 
In the symplectic case we find: 

Ann r F = ^C^ + CG^, 

fc>0 

with 



i>0 

In this case 

K, Vf] = ±V»ife, [ L fc, V^] = -« - ~ =F ^y^, 
which leads to the following result for the symplectic case: 

co 2r „ oo 

Yj a ^ c P +m ^T = ^2U + k + l + l)atfi j+k +£ + 2b e n j+k+e+1 
e=o p=i p i=o 

and 

co 2r q oo 

^ 0£ ^ C P + ^ +1 ~^f~ = °^ ^^hi+k+£ + 3^j+k+£,i) + ^ (/^i+fc+f+l + Mj+fc+4-H,*) • 
^=0 p=l p £=0 
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